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;I. SUCCLEYCMTARY NOTES 

inverse eigsr*:alue problem 
opt i m i  t a t  ion 

The problem of  reconstruct ing the density o f  a v ib ra t ing  s t r i n g  given 
the f 1 r s t  N elgenfrequencles f o r  two v i  bra t  ing configurat ions admi t s  an 
i n f i n i t e  number o f  solutions. Among a l l  such s t r ings compatible w i th  the 
truncated data set, we define the ideal s t r i n g  t o  be tha t  s t r i n g  f o r  which 
a welghted average o f  the density m n i m u m .  We prove that  t h i s  ideal 
s t r i n g  must have a f i n i t e  number o f  degrees of freedom and hence, that  i t  1s 
made up by r f i n i t e  number o f  concentrrtod point masses. By spec i r l i z ing  the 



20. o&imrl ity cr i ter ion,  we can also shw that  the Krein st r ing i s  an 
ideal s t r  tng. 



Ideal so lu t ion o f  an inverse normal mode problem 

w i t h  f i n i t e  spectral data. 

d 
Vic tor  Barci lon Department o f  the Geophysical Sciences, 

The Univers i ty  o f  Chicaqo, Chicaqo, I L  60637, USA 

Sunnury. 1l.e problem o f  reconstruct ing the dens i t y  

the f i r s t  N eigenfrequencies for  two v ib ra t ing  conf 

o f  a v ib ra t ing  s t r i n g  g 

igurat ions admits an i n f  

i ven 

i n i  t e  

number o f  solut ions. Among a l l  such s t r ings compatible w i th  the truncated data 

set, we def ine the - ideal s t r i n g  t o  be tha t  s t r i n g  f o r  which a weighted average 

o f  the density i s  minimum. We prove that  t h i s  ideal s t r i n g  must have a f i n i t e  

number o f  degrees of freedom and hence, that  i t  i s  made up by a f i n i t e  number 

of concentrated po in t  masses. By spec ia l iz ing the op t ima l i t y  c r i t e r i on ,  m can 

also show that  the Krein s t r i n g  i s  an ideal s t r ing.  



1. Introduction. 

This paper i s  concerned w l th  the so lu t ion o f  inverse eigenvalue problems 

fo:. which the data sets are i nsu f f i c i en t  f o r  insur ing unique solut ions. This 

s i tua t ion  i s  t yp ica l  o f  most inverse eigenvalue problems a r i s i n g  i n  Geophysics. 

A very appealing approach t o  ce r ta in  Inverse problems w l th  p a r t i a l  data 

sets was pioneered by Parker (1374, 1975). His o r i g i n a l  work deal t  w i t h  inverse 

problems associated w i th  the reconstruct ion o f  a buried body embedded i n  a known 

matr ix  from surface g rav i t y  anomaly data. Confronted w i th  the inherent nonunique- 

ness o f  the problem, he decided t o  construct that  pa r t i cu l a r  body which was ( I )  

capable o f  explain ing the data and ( i i )  had the least  possible maximum density. 

Parker ca l led t h i s  unique body the ideal body. Thus, out o f  a set o f  many possible 

solut ions, he singled out  a pa r t i cu l a r  one by means o f  an extremum c r i t e r i on ,  This 

procedure yielded rigorous bounds f o r  the e n t i r e  class o f  solut ions. 

A s im i la r  approach has a lso p rwed very successful i s  studying cer ta in  

turbulent flows (Howard 1963, 1972, Busse 1969:. There the problem stems from 

the fact tha t  the Navier-Stokes equations admit d m u l t i p l i c i t y  o f  solut ions. 

Out o f  t h i s  c lass o f  solutions, a dist inguished one i s  selected by means o f  an 

optimal i t v  c r i t e r i on .  This optimum so lu t ion can then y i e l d  general resul ts,  a.g. 

bounds on a l l  solutions. 

The present paper attempts t o  approach the s i r ~ l e s t  inverse normal modes 

problem, namely that  f o r  a v i b ra t i ng  s t r ing,  from the same po in t  o f  view. The 

data, which consist o f  truncated frequency spectra, cannot guarantee a unique 

so lu t ion t o  the inverse problem. Among the set o f  s t r ings  which have the same 

given eigenfrequencies, we sha l l  select a r  ideal  s t r ing.  As a se lec t ion c r i t e r i on ,  

w sha l l  minimize a weighted average o f  the density;-"~e sha l l  prave tha t  t h i s  

ideal s t r i n g  has a f i n i t e  number o f  degrees o f  freedom and hence, i s  made up o f  

concentrated po in t  masses jo ined by weightless threads, 



The p a r t i c u l a r  features o f  the ideal  s t r i n g  can be found by so l v ing  a 

convex programnlng problem. Sabat i e r  (1977a,b) was tbc f i r s t  t o  po in t  ou t  t he  

re la t i onsh ip  between Parker 's ideal  body theory and the c l a s s i c a l  theory o f  

l i n e a r  programing. A s i m i l a r  r e l a t i o r s h i p  e x i s t s  here. For a specia l  i d e a l i t y  

c r i t e r i o n ,  t he  s o l u t i o n  t o  t h i s  programing problem can be t r i v i a l l y  obtained. 

This specia l  case i s  discussed a t  t he  end o f  the paper. 



2. The extremum c r i t e r i o n  f o r  the ideal  s t r i ng .  

The v i b r a t i n g  system o f  i n t e r e s t  corisists o f  a s t r i n g  o f  (dimensionless) 
a 

densi ty  p ( x ) ,  of u n i t  length and t a u t  by a u n i t  tension. Two v i b r a t i n g  conf igu- 

ra t i ons  w i l l  be used, d i f f e r i n g  from each o ther  by the fas ten ing a t  the  l e f t  end. 

The corresponding eigenvalue problems w i l :  be w r i t t e n  thus: 

I I 
U + Xnp Un = 0 , n 

un (0) cosa - u; (0) s ina  = 6 , 

un( l )  cosy + uA( l )  s iny  = 0 ; 

v n ( l )  cosy + u;l(l) s i n y m  0 . 

a,B,y are  parameters such t h a t  

O s a <  fl<lr/2. 

As a r e s u l t  t he  system represented by (2.1) i s  s t i f f e r  than t h a t  associated w i t h  

(2.2) and the  eigenfrequencies l n t a r l a c e  as f o l  lows: 

It i s  preferable t o  w r i t e  (2.1) and (2.2) as tn tegra l  equations, v i z .  

where 



x > c  

and r(x,c) i s  obtained by replacing a by 0 i n  the above formula. 

Given p(x), (2.4) and (2.5) can br looked upon as recip les f o r  ca lcu la t ing 

the corresponding eigenvalues An and p . For brevi ty,  w e  denote the resu l t  of  
n 

these calculat ions by the notat ions Xn[p] and pn[p] which emphasize that  An and 

pn are functionals o f  p(x) .  

It i s  wel l  knawn (Borg 1346). that  the complete X and p spectra are necessary 

(and su f f i c i en t )  f o r  the unique dete:-minat ion o f  p(x). Therefo;e, i f  we are only 

N N 
given the truncated spectra {An}, and (pn)l we cannot i n f e r  p(x) uniquely: there 

are i n f i n i t e l y  many str i r lgs w i t h  the f i r s t  N natural  frequencies; Let us denote 

the set o f  these s t r ings by RN, i.e. 

R,, = {P (XI ; P (~120,  an [PI = x ~ .  pn [PI = un, , 2. . . . (2.7) 

Next, we define a weighted average o f  p(x) ,  viz. 

where f ( x )  i s  a posi t ive,  continuously d i f f e ren t i ab le  funct ion o f  our awn choosing. 

The only other condi t ion which we sha l l  place on f (x) i s  that :  

f(1) cosy+  f ' (1) s f n y m  1 . (2.9) 

k 
For instance, I f  y = 0, we can take f ( x )  t o  be equal t o  x , i n  which case 

density d i s t r i bu t i on .  ~ [ p ]  would correspond t o  the k- th m n t  o f  the 

We can now s ta te  the extramum c r i t e r i o n  

s t r ing.  From among d l 1  the s t r ings i n  R,,, the 

f o r  which the weighted average H i s  a minimum. 

which w i l l  def ine the ideal 

ideal s t r i n g  ̂ p(x) i s  that  s t r i n g  



3. Structure o f  the ideal s t r inq .  

I n  order t o  f i n d  the density B(x) o f  the 

fo l lowing rather a typ ica l  problem i n  the calculus 

subject t o  the equal i ty  constra ints 

ideal s t r i n g  we must solve the 

of  var iat ions.  

and t o  the inequal i ty  constra int  

P(X) 2 0. 

I n  order t o  transform t h i s  opt imizat ion problem i n t o  a more standard form, 

we sha l l  f i r s t  prove that  the ideal s t r i n g  most be made up o f  a f i 5 i t e  number J 

of concentrated point  masses, i.e. that  

The proof i s  o f  the reduct i o  ad absurdun type. Namely, i f  R; denotes the subset - 
of R,, which i s  made up o f  a l l  the s t r ings w i t h  an i n f i n i t e  nunber o f  eigenfre- 

quencies:then we sha l l  assum that  the ideal s t r i n g  i s  i n  that  subset, ;.a. 

A 
P (X)LR; (3.5) 

and then see that  t h i s  assumption least  t o  a contradict ion.  

We s t a r t  by w r i t i n g  

P(X) - [r(x)12 , (3.6) 

h2 QD 
thus sat is fy ing the inequal i ty  constra int  (3.3). Since r (x)rRN , we can solve 

A 
(2.4) and (2.5) and construct the set of functions {Vn (x) I; defined as f o l  lorn: 

+Note that  t h i s  class of s t r ings i s  not equivalent t o  the class prL, (0.1). 
Indeed, even though p = l h n b ( x - ~ ) # ~ ~  (O,1), It an i n f i n i t e  nunber o f  eiganfrequencies. 
A rigorous treatment o f  t h i s  point  would require the use o f  S t i e l t j o  integrals. 



This set of squares o f  t h r  eigenfunctions i s  complete ( b r g  1949, P O  61, ~ e v i t a n  

1952,1964). This resu l t  i s  c losely relazed t o  the theorem regarding the uniqueness 

o f  the s o l u t i m  o f  the inverse Sturm-Liouvllle problem. Heur is t ica l ly ,  t h i s  resu l t  

can be understood as follows. Consider two s t r ings p(x) and p(x) + 6p(x), 

h e r e  6p i s  a small density var iat ion.  The corresponding eigenvalues d i f f e r  by 

and 

respectively. I f  i t  m r e  possible t o  f i n d  a 6p(x)ZO, which i s  orthogonal t o  a l l  

the functions {v~(x)I~*, then these tu, s t r ings  m u l d  have the same X and p spectra. 

But t h i s  i s  not possible or, account o f  6org's theorem (Borg 1946). Hence the 
A 

functions w (x) I ,  and i n  pa r t i cu la r  {wn (x) I,*, form a base. 

Unfortunately, the base thus formed i s  not orthonormal. This I s  8 minor 

nuisance since a second base, bi-orthogbnri t o  the f i r s t  i s  usual ly required. We 
A 

denote t h i s  base by { ~ ~ ( x ) ) ~ ~  and adopt the n o m l i z a t i o n  

where dm i s  the standard Kronccker delta. The actual construction of the 
A 

functions nn(x) u n  be u r r i o d  out  by u n s  of a GrmrSchmidt l i k e  procedure. 



A 2 .  
Let us consider next a s t r i ng  [ r ( x )  + 6 r ( x ) ]  m i c h  i s  i n  RN, i.e. a 

nearly ideal s t r ing.  As can be seen from (3.8). the fact  that  t h i s  s t r i n g  i s  

Ir A 

i n  RN Implies that r6r  i s  orthogonal t o  the f unc t ims  Wn(x) f o r  n = i ,  2, ..., 2N. 

Consequent 1 y , 

where the coeff  l c ien ts  fan? are arb i t rary .  Consequently, the var ia t ion  i n  the 

e i g h t e d  mean, v iz.  

can be w r i t t en  thus: 
am 1 A 

& a - 2  1 a,, 1, f(x)nn(x)dx . 
rr2IY+1 

A 
Mow, since p(x) i s  the ideal s t r ing,  t h i s  variation must vanish fo r  a l l  a 's. n 

This requires that 

and therefore the function f (x) admi t s  the f o l  lowing f in1 t e  series representat ion: 

means o f  simple nunipulatIons, m can also w r i t e  
2N A A l 

f ( x )cosy+ f * (x )s l r  = 1 fn[Wn(x)cosy+Wn(x)sinyl . (3.1s) 
PI 

Mu, reca l l i ng  condft ion 2.9) m can see that  near x = 1, the l e f t  hand side o f  

the a b ~ e  equation i s  a funct ion nearly e q w l  t o  1 ,  whereas on account o f  the 

boundary condi t ion a t  x = 1, the r i g h t  hand side represents a function nearly 

e q w l  t o  0. More specifically, ua g n  always f i n d  an in terva l ,  say (1-€,I), 

over which (3.15) fs false. We have reached r contradict ion which implies that  

A dD A 
p(x) i s  not i n  IN . Consequently p(x) must have a f in1 t e  number o f  dogroes c f  

freedom and hence be o f  the form (3.4). 



By makfng use o f  t h i s  knowledge about the s t ruc ture  o f  the ideal s t r ing,  

we can transform the o r i g i na l  problem (3.1) - (3.3) i n t o  a programing problem. 6 
Indeed, by replacing (3.4) i n t o  (3. l j - (3.3). we can s ta te  the new problem i s 

f o l  laws: 
J 

Minimize M = 1 f l x j !  mj  , 
j = I 

subject t o  the equal i ty  constra ints 

acd the inequal i ty  constra ints 

and "det" stands f o r  d e t e r m i ~ n t .  Even though i t  i s  not posslble t o  w r i t e  the 

so lu t ion of (3.15) - (3.17) f o r  a general funct lon f i x )  and general spectral data, 

mch i s  k m  about such problems (see e.g. Gars 1969). 



4. A special case: the Krein s c r h  - 
If the function f (x )  i s  chosen as fol lows: 

where c i s  determined by means o f  (zag),  v iz.  

c = (cos B+s i n8) (cos &osy+s i dcosy :  Zcos 0s i rry ) , 

then the convex programing problem (3.15) - (3.17) can be solved very eas i ly .  

Note that  f o r  t h i s  case, the ideal s t r i ng  minimize a l i near  combina"lon o f  the 

m s s  H and the f i r s t  and second moments Ml and f12. Indeed, 0 

It i s  possible t o  express t h i s  combination o f  MO, MI and H2 i n  terms o f  

the given eigenvalues, v iz .  

2 2 
M cos B+2fl,sinBcosB+Mosin B = s i n  ( P a )  ccrsBcosy+s i n (&y) 

2 cosacosy+s i n ia+y) 

where the p r ! m  indicates that  the t e n  k = n i s  omitted. This formula, which 

i s  derived '~r  the appendix, generalizes tka f o n u l a  f o r  ll f i r s t  given by Krein 0 

Returning t o  the ideal s t r ing ,  we can ~.hon that  the number o f  degrees 

o f  freedom o i  t h i s  s t r i n g  i s  equal t o  N. Indeed, i f  i t  were made up o f  J'N 

J 
po in t  masses, then i t  m u l d  have J eigenfrequencies !A,), and {pn) , and 

tK re in t s  formula i s  obtained by se t t ing  a = y = 0 and 8 = n/2. 



where Q i s  a constant re lated t o  a, B and y. Recall ing that  the u and 1 eigen- 

values interlace, i t  i s  easy t o  see tha t  a l l  the terms I . ,  the above sum are 

pos i t ive .  Consequently, 

where 

On account o f  the ordering o f  the eigenvalues u and An, i t  i s  obvious that  n 

P n > l .  (4.7) 

N N I n  other words, given the truncated spectra { A  1 a r i  {pn)l, the minimum o f  
n 1 

2 2  MZ cos 0 + ?MI sin&osB + f10 s i n  B i s  reached f o r  a s t r i n g  w i t h  N-degrees o f  

freedom. Since there 1s only one such s t r l ng  i n  RN, t h i s  ideal s t r i n g  i s  

uniquely determined. For the case ct = y - 0, B - n / 2  t h i s  s t r i n g  i s  none other 
N 

than the Krcin s t r i n g  obtained by w r i t i n g  the ra t iona l  f r ac t i on  (1 - I /  
n . . 

1 -  '/vn) as a St ie l t - jes  continued f rac t?on,  n-ly n- 1 
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Appendix 

We sha l l  be concerned w i t h  a s t r i n g  o f  density p(x) v ib ra t ing  i n  two 

d i f f e ren t  configurations. The eigenvalue problem f o r  the f i r s t  conf igurat ion 

i s  : 

I I 
J + anpun 0 n 

un(0)cosa - u '(0)sina a 0 
n 

~ ~ ( 1 ) c o s y  + ~ ~ ' ( 1 ) s i n - y  = 0 

whereas the second 1s 
I I 

v + VnPVn = 0 n 

vn10)cosf3 - vn' (0)slnB - 0 

Just as i n  the body o f  the paper 

II 
that  0 5 a < B 5 -5 . Ps a resu 

and 
V 1 < A 1 < * * *  

ny = 0 

we can assume wi thout  loss o f  general 

t, system (A.l) i s  s t i f f e r  than system 

< p n c A n < * *  

I n  order t o  solve (A.l) and (A.2), we introduce two fundamental solut ions 

y1 (x;A) and y2(x;A) o f  the equation 

+ a p ~  = o 

such that  

q(1 ;a)  - - s i w  , 

and 



I n  view of  the l inear  independence o f  these solut ions and o f  the 

(A 

condit ions (A. 5) , (A.6) we can rrr i t e  

Y, ( x ; u  Y ~ ~ ( x ; A )  - Y,(X;U Y,'(x;u = 1 . 
It i s  convenient t o  introduce two pa i rs  o f  aux i l i a r y  var 

u(x;X) = cosa yl (x;A) - sins yl ' (x;X) 

iables, namely 

and 

@(x;X) = cosa y2(x;A) - ;ina y2*(x;X) 

Y(x;X) = COSB y2(x;A) - sin0 yiv(x;A) 

Several remarks are now i n  order. F i r s t  o f  a1 1, f o r  x = 0 the zeros of 

U sqd V a r t  the eigenva!ues o f  (A.l) and (A.2). Consequently, i n  view o f  the 

fac t  that  U(0,A) & v(O,X) are e n t i r e  functions of X o f  order 1/2 (Titchmarsh 

(A. 10) 

Next, we should po in t  out that  the Wronskian equal i ty  (A.7) can be w r i t t en  i n  

terms o f  the new variables as f o l  lows: 

u(x;X) \Y(x;X) - V(x:A) @(x;A) = sin(a-0) . (A. l l )  

Let us nouccmsider the funct ion 

(A. 12) 

This i s  a m r o m r p h i c  funct ion w i  t h  simple poles a: Z = A and 2 = pn(n=l ,2,. . .) but 

not a t  Z = 0. I f  An I s  a c i r c l e  i n  the 2-plane o f  radius 121 = An, then i t  i s  

poss!ble t o  show that  



Making use o f  the calculus o f  residues, we can rcwr i  t e  (A. 13) thus: 

Several s imp! i f icat ions are possible. I n  par t i cu la r ,  since V(O;pn) = 0, r can 

exp lo i t  (A.11) t o  w r i t e  Y(O;pn) i n  terms of  u(O;v,); a lso we can use (A.lO) t o  

evaluate 3~ (O,A)/aX. Therefore 

So 'ar, we have j u s t  repeated the various steps i n  the proof o f  the Mi t tag-Lef f le r  

thwrem (Whittaker & Watson 1952). We now l e t  X -+ 0. The above formula becomes: 

I = s i n  (a-B) 1 
m 00 

k= 1 

(A. 14) 

We sha l l  now see that  the l e f t  hand s ide can be expressed i n  terms o f  the mass 

and f i r s t  two moments o f  the density d i s t r i bu t i on .  To that  e f fec t ,  l e t  us 

expand yi (x;X) i n  powers of  A and compute the f i r s t  two t e r m  by subs t i tu t ing  

i n  (A.l) & (A.2). Omitt ing the intermediary calculat ions,  we get 



and 

y2 (0; A) = s iny-cosy+A [- (Ml -M2) s l ny+Ml cosy] + . . . 

Replacing these expressions i n  (A.8), (A.9) we deduce that  

V(0;A) = -[cosBcosy + sin(B+y)] 

+ A [ (M -n )LssBcosy + Mlcosb iny 1 2  

+ (M -M )sinBcosy + flosinOsiny] + . . . 0 1 

and 

and consequently 

As a resu l t  (A.14) reads: 

0 

s in  (B-a) 1 1 
m m 

For a=O, M / 2  and 7 0 ,  the formula reduces t o  
0 

which I s  the f o n w l a  given by Krein (1952). 

(A. 16) 

(A. 17) 

(A. 18) 

(A. 20) 


